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Problem Set 7: Solutions
Due: April 12, 2006

1. For both parts (a) and (b) we will make use of the formulas:

E[X] = E[EX|Y]]
var(X) = E[var(X|Y)] + var(E[X]|Y])

Let X be the number of heads, and let Y be the result of the roll. Note that it can be easily
verified that E[Y] = 7/2 and Var(Y) = 35/12.

(a)

E[X] = E[E[X|Y] = E[Y/2] %Y} _ Z

and similarly,

E[Y] n var(Y) 77
4 4 48
For this part, let X7 be the number of heads that correspond to the first die roll, and

X5 be the number of heads that correspond to the second die roll. Clearly X = X1+ Xo
and X7, X5 are iid. Thus we have

var(X) = E[var(X|Y)] + var(E[X|Y]) = E[Y/4] + var(Y/2) =

E[X] = E[X] + X,] = 2E[X] = 2-

=
|

Similarly,

var(X) = var(X; + Xo) = 2var(X;) = 2- Z_; — %

Pat only needs to wait for Sam if Pat arrives before 9pm. If Pat arrives after 9pm,
waiting time will simply be zero. Therefore, let 1" be the waiting time in hours,

/Oztfx(:v)dx _ /01(1 — x)(%)d;p = % {x B ;“'QT _ i

Similar to part a), there are two cases. If Pat arrives before 9pm, the expected duration
of the date will be 3 hours. Otherwise, the expected duration will be %, since the

duration is uniformly distributed between 0 and (3 — X) hours. Therefore,

3—x.,1
2 )(5

1 1 2
Expected duration = /(3)(§)dac+/( )dx
0 1

31 1 ,]?

8

The probability of having Pat late by more than 45 minutes on a date is %. Let U be
the expected number of dates they will have before breaking up,
U =Y +Y;, where Y7 and Y; are i.i.d. with geometric distribution (p = %) We know

that E[Y1] = % = 8. Therefore,

E[U] = E[v1] + E[Y3] = 16.
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3. Let D be the number of types of drinks the bartender makes, and let M be the number of

4.

D.

people to enter the bar. Let Xq,..., Xy be the respective indicator variables of each drink.
Thus if at least one person orders drink i, then X; = 1 otherwise it equals 0. Note that
D =X1+4 -+ Xy. Thus we have:

E[D] = E[E[DIM =m]]
= E[E[Xi1+ -+ Xy|M =m]]
— N-E[B[X;|M = m]

— N-E[1— <¥)m}
— N-N-E[(%)m]

(letting z = ¥=) = N-N- E[Zm]
)\k -2
= N- NZ i
= N—Ne_k~e)‘z
= N-New

(a) From the definition of expectation: E[Yg(X) | X] = >, y9(X)py|x(y|v)

= 9(X) X, ypy|x (y|r)
= g(X)E[Y | X]

(b) Show that

E[E}Y | X, Z] | X] =E}Y | X]=E[E]Y | X] | X, Z]

Since
EY | X,Z] = Zyp =yl X =2,Z =2)

From Law of Total Expectation E[E[Y | X,Z] [ X] =>,>, yp(Y = y|X = 2,7 =
2p(X =2,Z = 2| X =)

p(Y=y,X=x,7=2 X=x,Z=z
_Z Z y )? x,Z=z) : p(p(X::v) :

= M
ZZy )

YyX:EZz)
ZZy =)

_ p(Y=y,X= x)
=2y p(X=z)

= E[Y | X] From the Pull Through Property in part a. Let

g(X)=E[Y | X] and E[l|Z]=1

So, g(X)E[l | Z] = E[g(z) | X, Z]

=E[E[Y | X]| X, Z] The Pull-Through and Tower Properties are not limited to discrete
random variables. These properties are also true in the continuous case. We can prove
this by using the same approach we used for the discrete case.

(a) Since E[X] =0, We have E[E[X|Y]] = E[X] = 0. Hence

cov(X, E[X | Y]) = EIXE[X | Y]] = E[EIXE[X | Y]| Y]] = E[(E[X | Y])’] = 0.
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(b)

We can actually prove a stronger statement than what is asked for in the problem,
namely that both pairs of random variables have the same covariance (from which it
immediately follows that their correlation coefficients have the same sign. We have

cov(Y, E[X | Y]) = E[YE[X | Y]] = E[E[XY | Y]] = E[XY] = cov(X,Y).

The transform M ;(s) given is a transform of a binomial random variable with parameters
n =10 and p = 5. Thus the PMF for J is:

n 1 .2
1) = \n=IJ () ] —
ps(J) < j )(3) (3) for j =0,1,2,...10

Again by inspection, K is a geometric random variable shifted to the right by 3 with

1_s
.. . e
parameter p = +. This is because we can rewrite M (s) = 6351 E Thus,

_dest
5
4 1
pi (k) = (—)k*4— for k =4,5,6, ...
5 5
1
EK]=34+-=3+5=38
p
1 — 4
Var(K) = —5© = 2 =20
p 25

Note that L = K; + Ky + ...Kj, thus L is a random sum of random variables. So,
determining the transform of L is easier than determining the PMF for L.
1 2 %648

ML(S) - MJ(S) ‘eSZMK(s): (g + 5(1 IE
5

))10

: - _ _ Q4 20 _ 160
The expectation of L is E[L] = E[K|E[J] =8 F = 5~

The variance of L is
2 1 2480

Var(L) = Var(K)E[J] + Var(J)(E[K])? = (20)(10 * g) (104 2w )(64) = 20

P(person donates) = i. Let M = total # of donors from all living groups, and define

Y. — 1 if ith person donates
] 0 otherwise.
The PMF for X is just

fz=1
if x =0.

o =

px(z) = {

Then,
M=X;+Xo+..X.

Therefore the transform of M is:
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M (s) = ML(8) |es=nrx(s)

The transform of X is (by inspection)

Mx(s) = (1 + Zes)
Therefore,
12, £(§+ e
M (-4 Z(-5laTa 10
M(S) (3 3(1—%(%—%%65)))

1 2, &
0 = M s_—_N= — — 57
The expectation of M is E[M] = E[X]E[L] = £
The variance of M is

Var(M) = Var(X)E[L] + Var(L)(E[X])? = 27.22

Let the random variable T represent the number of widgets in 1 crate and let K; represent
the number of widgets in the ith carton.

The transform of 7" is obtained by substituting the transform of IV for every value of e°
in the transform of K.

Mr(s) = MN(8) [es=nry(s)

(1 —p)er

MT(S) = 1_peu(es_1) .

Since T is a non-negative discrete random variable,

d
P(T = 1) = %MT(S) |e~9=0
p(l—ple ™  pup(l—pe 2

(I—pem) — (1—per)®

Since T' is a non-negative discrete random variable, we can solve this problem using a
different method.

Mr(s) = pr(0)+pr(1)e” + pr(2)e™ + pr(3)e* + ...
Mr(s) =pr(0) = pr(l)e" +pr(2)e® +pr(3)e” + ...
= pr(1) +pr(2)e’ +pr(3)e* + ...

pr(l) = lim MT(S)_pT(O)'

s§——00 es
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We can find p7(0) by taking the limit of the transform as s — —oc.

: (I —p)e ™
pr(0) = Mm Mr(s) = F— =

Substituting pr(0) and My(s) to find pr(1) we get,

. (T=plem{ere (1 — pe™) — (1 — perle =1y}
1) = 1
pr(1) 5_12100 es(1— peﬂ(esfl))(l — pe™H)

If we take the limit now the numerator and denominator both evaluate to 0. Therefore,
we need to take the derivative of the numerator and denominator before we evaluate the
limit.

pr(l) = lim

(1—ple [ (1—pe")puet + pper(e 1)
L T e

(1 — pere*=1)) — es(pper(=*=1)

(L—ple ™ | (L —pe")pu+ ppe "
) = e [ (1 pe?) ]
(D) p(l —ple™™ | pp(l —ple”®

(I—pe#) = (1—per)®

(b) Since K and N are independent,

and
var(T) = var(K)E[N] 4 (E[K])*var(N)
o 1°p
l—-p (1-p)?
(¢) Let W be the total weight of the widgets in a random crate.

W:X1+X2—|—...+XT

The transform of W is
My (s) = M7(8) |es—nry(s)

(1 - p)eG=Y

M, = .
W(S) 1_peu(ﬁ_1)
(d) Since X and T" are independent,
o
E[W] = E[X]E[T] = :
W] = ELXIEIT] = 2

and
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(b)
()
(d)

(e)

P(|X1| < 6) ~ ab.
1
P(=6 < X1 <6) = [ fx(x)dwy = 20+ fx,(0) =6 - Zb=e72.

E[XiN]=E[X;JE[N]=3.2=3.
var(X;N) = E[X?N?] — (E[X1N])? = (44 4)3 — 32 = 15.

EX)+---+Xny] = EXi1+---+Xy|N>2]P(N>2)+
EXi 1+ -+ Xy | N <2P(N<2).
3 = E[Xi+--+Xn|N>2|/1-p)+E[X1](p).
E[X, 4+ -+ Xy |N>2 = 3(3-2(2/3))=5.

Let Z=N+ X7+ .-+ Xy. Note that N and X7 + --- + Xy are NOT independent.
Mz(s) = E[E[esW Tt FXN) | N]) = B[E[e*Y - (X1t X8| N]| = E[e*N (Mx (5))V]
= E[(esMX(S))N] = MN(8)|GS=€SM)((S)‘

2/3)e®
M (s) = 1517576

Mx(s) = 257428,

_(2/3)ese?stH2s gp2aPias
MZ(S) - 1_(1/3)6562324—25 T 3_g2s243s "
Let X =11 4+ T5+ ... + Ty where N is a binomial with parameters p = % and n = 12.

E[T;]) = % = %, thus, T; is an exponential with rate A = 3, so fr.(t) = 3e™3¢ with ¢ > 0.

E[X]=E[T)E[N] = § 12 %

wino

8
3

var(X) = var(T;)E[N] + (E[T;])?var(N) = § % 12% 2 + $ %125 3 x £ = 32
The fact that Iwana spends AT LEAST % of an hour on each question shifts the transform
in t by %, thus fr,(t) = 3¢=31-%) for ¢ > %. We know that a shift by ¢ in the pdf domain

leads to a multiplation by e'® in the transform domain. Therefore, the new Mr, (s) = ge—fs

Thus we have,

s 12
1 2 3es
Mx(S) = MN(S)‘eSZMTi(S) - <§ + gm)

By the law of iterated expectations, E[N| = E[E[N|P]]. We can compute E[N|P] from
the fact that NV is a binomial with parameter P, where P is a random variable uniformly
distributed between 0 and 1. Thus E[N] = E[12P] = 12E[P] =12x 1 =6

We compute the var(N) using the law of conditional variance: var(N) = Efvar(N|P)]+
var(E[N|P]) = E[12P(1 — P)] + var(12P)
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= 12E[P(1 — P)] + 144var(P)
=12(1/2—1/3) + 12 = 14.

(d)
Mx(s) = B[E[e™N|P]] = EMp(s)] = E[1—P+Pe] = 1—E[P|+¢*E[P] = 1—%%68 _ %%es

10. Let A; (respectively, B;) be a Bernoulli random variable which is equal to 1 if and only if the
tth toss resulted in 1 (respectively, 2). We have E[4;B;] = 0 and E[A;B;s] = E[A|E[B;] =
p1pe for s # t. We have

EX:1Xo] =E[(A1+ -+ A,)(B1+ -+ By)] =nE[A1(B1 + - + By)] = n(n — 1)p1pa,
and
cov(X1, Xo) = E[X1X2] — E[X1]E[X32] = n(n — 1)p1p2 — npinps = —npipe.

11. (a) Here it is easier to find the PDF of Y. Since Y is the sum of independent Gaussian
random variables, Y is Gaussian with mean 2y and variance 20% + 0%.

(b) i. The transform of N is
My (s) =

1
1 . 105 _ ks
11( +ef + e 4 1126

Since Y is the sum of
e a random sum of Gaussian random variables

e an independent Gaussian random variable,

1 10 Szgg{ 520%
My(s) = (My(s)louiyo ) Mz(s) = (g7 L (e )e
k=0
10 2ko% 2452
g (iz Sk/},+ - )@ 2Z
11~
1 10 sz(ka§(+o'2z)

= gy et

k=0

In general, this is not the transform of a Gaussian random variable.

ii. One can differentiate the transform to get the moments, but it is easier to use the
laws of iterated expectation and conditional variance:

EY = EXEN +EZ="5u
var(Y) = ENvar(X)+ (EX?)var(N) + var(Z) = 50% + 10p* + 0%

iii. Now, the new transform for N is

1

MN(S):§(62S+'- 105 _ Zeks
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Therefore,

My (s) =

(¢) Given Y, the linear least-squared estimator of X} is given by

N cov(Xy,Y)

Xi = BX+— - v (Y — EY)
B cov(Xg,Y)
= u+ —Var(Y) (Y — EY)

To determine the mean and variance of Y we first determine those of N:

1 3
EN = [|-10+-5
310+ 0)
_»
-4
var(N) = Evar(N|timeofday) + var(EN|timeo fday)
I
16 16
Now
EY = EEY|N =ENEX +EZ
2
— ENEX = 15;1
var(Y) = ENvar(X)+ (EX?)var(N) + var(Z)
= P2 202y
T oa X T gt s
cov(Xp,Y) = BE(Xp— p)(Y — 25u/4)
= EE(Xy —p)(Y —25u/4)|N
Since
2 .
_ B _ ox if N>k,
E(X =Y = 25p/4)IN = { 0 otherwise
then

cov(Xy,Y) = o%P(N >k)
o [ 02553, W0 o751k if < 10
- %X 10ke=10 .
0.25% 35 e if k> 10




