18.100B Fall 2010
Practice Quiz 3 Solutions

1.(a) R:= f(xo) — g(xo) >0

f, g continuous, so with e = R/2 find

eJ0; > 0: f(Bs,; (o)) C (f(x0) = R/2, f(x0) + R/2)
e3dy > 0: g(Bs, (o)) C (9(w0) — R/2,9(x0) + R/2)
Take r = min{ds,,} > 0, then

ve Bl = { 2 I = B ) - ) > R - Ri2- RJ2 =0

(b) To show: s continuous at any zo € X

3 cases:

1) f(zo) > g(xo) : By (a), s(x) = f(z) on B,(xg) for some r > 0

f continuous = s continuous at x

2) f(zo) < g(zo) : By (a), s(z) = g(z) on B,(x) for some r > 0

g continuous = s continuous at xg

3) f(zo) = g(zo) : Given € > 0, find d7,6, > 0 and § = min{ds, d,} > 0
d(y, o) < & = s(Bs(xo)) C (f(Bs(w0)) U g(Bs(x0))) C (s(wo) — € 5(w0) + ¢€)

(e) No
flz)=2 @ <0
g(z) =0 s(@) = 0; >0

s is not differentiable at zy = 0 because

s(t) — 5(0)

= limgz lim 0=0

lim
t=0t  t—0 t—>0t £ =0t t) — s(0
= PI% al i g( ) does not exist.
t) — s(0 t - -
i S0 =50
t—0~ t—20 t—=0¢  t—0

2. Suppose by contradiction f(U) = AU B is separated:

ANB=0,ANB=0,A#0,B#0

Then U C f~!(f(U)) and hence

U=fYAuB)NnU=(fYAUf(B)NU=AUB

with A’ = f~Y(A)NU,B' = f~Y(B)NU.

Claim: U = A’ U B’ is separated in contradiction to assumption

Proof:

edacA=3d eU: fld)=acA=3Fd e [ ANU=A = A #

e Similarly B" # ()

eifr € ANB thenx €U, f(x) € B, and I(z,)nen C U : f(,) € Az, —
by continuity of f, f(x,) — f(z) € B
by f(z,) € A, f(x) =lim f(z,) € A

= ANB =0

e Similarly A’ N B’ = ()

(or as in Rudin 4.22)

} contradiction to AN B = ()



3.(a) f : [a,b] = R continuous, differentiable on (a, b)

= dz € (a,b) : ;

(b)

Pick 0 < € < ;.

To check that f is injective, suppose by contradiction that f(a) = f(b) for some a < b.
By the mean value theorem, there exists « € (a, b) s.t.

0:13%5592:fmw=1+fy@)z1—dW>o
=0>0=<

(c)

By the mean value theorem,

Vi >0 3z, €(0,t): f(t)—f(0)

Vt<0 Jzy€(t,0):  t—0 AR
Consider t,, — 0, then fltn) = 1) = f'(xy,)

t, — 0
where 0 < |z,| < |t,|, hence z;, — 0, and so by assumption (lir% f'(z) =A),
T—>

f(tn) — £(0)

tn 0 = f'(xtn) — A.
This shows lim M = A, as claimed.
t—0 t—20

4.(a) TRUE
By the intermediate value theorem, VR € R Ja < 0,b>0: f(a) > R, f(b) < R
=da<y<b:flyy =R

(b) TRUE

(Above = uniformly continuous): Given ¢, pick N > €', which provides R > 0, then
take § € (0, R™1)

(Uniformly continuous = above): Given N, let € = 1/N, which provides § > 0, then take
R>4§1

Uniformly continuous: Ve >0 36 > 0: Yy f(Bs(y)) C B(f(y))

(c) TRUE
b =8 = g = i 10 = 10 it
(d) TRUE

d(f(x), f(y)) = [f(z) = [ ()]
= |f'(2)(z — y)| for some z € R

< Cd(z,y)
Sofore>0take(5:é.



(e) FALSE
Idea: f can vary little with large f’ by fast oscillation.

f(z) = — T sinz? is differentiable and uniformly continuous: Given e > 0

o Find R > 0s.t. Viz| > R, |f(x)] < §

e Find § > 0 from continuity on [—R, R]
3z8sinzt(2? + 1) —sinz? - 2

but f'(x) =

but f'(z) @2+ 1P

so for x,, = {/nm + § — oo get f'(x,) — 00
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