18.100B Fall 2010
Practice Quiz 4 Solutions

1.
oL(f,P=(x;)) = Z inf  f(z) (z; —2421) >0

Py TE[Ti—1,74]
- >0

U(f,P=(z:)) =Y sup flx)(w;i—xi1)

i=1 xe[xi,l,xi}
Given € > 0, pick a partition

PE_(?QH 572171+(572€1 572?7)1 5a"'7 271 5727;n1+51)
with § < 5= (hence 55 + 6 < 2 — §) and § < ¢, then
on_1
€y _ A o
U(f, P°) = Zsupf-sz + 0 =510 <20 <e
1 25 from other intervals

om
(.

~~

from intervals [i—é 2%-‘,—6]

Together with Rudin (L(f) < U(f)) this shows
0<L{f) <U(f) seVe> 0= L(f) =U(f) =0
= f integrable, fo fdz=L(f)=0

2. f continuous = integrable = sup L(f, P) = L(f) =0
P

=V partitions P, L(f, P) <0

Suppose by contradiction f(z() > 0 for some xy € [a, b],
then by continuity find 6 > 0 s.t.

[z — x| <0 = [f(z ) f(o)| < 3£ (o)

= f(z) = f(z0) — 5./ (20) = 3 (20)

Now consider any equldlstant partition P with Az < 9, then
n

L(f,P)= Z inf ) Ax > inf x) - Ax
(f7 ) - €lzi—1,x f( ) ~~ TE[Tiy—1,Ti) f( )
i=1 —— just looking at an interval that contains xg

>0 since f(z)>0
> L f(wo) - Az >0
in contradiction to L(f, P) <0

3.(a) m>n

Z e " cos(kx)

k=n+1

< Z sup e | cos kx| < Z ef — 0

n—oo
k=n+1 r2a k=n+1

oo
since >"e7F = $"(e7?)* converges due to |e7?| < 1
This shows uniform convergence by the “Cauchy criterion” (in Rudin).



(b) To show that f is continuous at xy € (0, 00), note that

e cach f, is continuous on [%, 2z

o f, — [ uniformly on [%2, 2z, by (a)

So, by Rudin, f is continuous on [%, 22¢], which contains .

(c)

b
/ f by deﬁmtlon blggo 1 f<x)dx by f?ldin blgcr)lo nh_}IIOlo/ fn (:L’)dl’

n—00 linearity of integral n—oo

lim fn( )dx lim Z / ¥ cos kx, dr exists by comparison with the
1

|-|<e~ ’”

absolutely convergent series Z e ® and

k=1

= |limy 00 flb fn(;(;)dx‘ <D ke f1b e Mdy = > ket [; _kﬂ <D hmi k e’

1
"1\ & /1) 1 e
S;(;) <> (3) == 5

k=1
b

Similarly, lim fdx exists since for b’ > b
b—oo Jy

/Iblfdx—/lbfdx

converges to 0 as b — oo. (Hence the same holds for any sequence b; — oo, making

flbi fdx a Cauchy sequence. Completeness of R then implies convergence as ¢ — oo; and
the limit for all sequences b; — oo is the same since otherwise one could make a divergence

. b — —y —
= limn [} fude| < 32 He - ) S T () =

(oscillating) sequence.)
b

So / fdx exists, and fdx = lim fdr < lim c __°

b—00 1 e—-1

1 b—oo € —

4.(a) FALSE
Differentiable implies continuous, but not bounded - e.g. f(z) = 2! on [0, 1] is differen-

tiable on (0,1).

(b) TRUE
See Rudin.
(c) TRUE
L(f.P) =Y int f(a) -Axi§0:>L(f):/fdx§0
TE|T;—1,T;

<0 since any interval contains x€R\Q
(d) TRUE
The limit is continuous by Rudin 7...., and uniformly continuous since [a,b] is compact



(e) TRUE
Almost everywhere continuous <= Riemann integrable
So result follows from “f, € R, ||fn — flloo > 0= f € R”
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