Practice Quiz 1
18.100B R2 Fall 2010

Closed book, no calculators.

your NamE: S OL_(/ ] [ON/S

This is a 30 minute in-class exam. No notes, books, or calculators are permitted. Point
values are indicated for each problem. Do all the work on these pages.



GRADING

/15
/20

/15
/20

N N

TOTAL

/70




Problem 1. [5+5+5 points]

(a) Write down the definition of compactness in an arbitrary metric space.
EcX is comFacf iF, aivcn any opéen cover Eco.(ejAud
t cX ] ny (
Ly gpen sets U, (Iﬂl'éh Aa y (rnolex :ei’)l
one can find a Finite subcover E<U%u,, with
dep!
A"CA a finite subset.

(b) Prove that finite sets are always compact.

E= {e:,--.C’N;
Givenan opon cover =< U, ,

aeA

for (=(.N Fick u;eA st. e; € Z(,,‘.,
then A'={a,. ay}cA isfinile
and E < U ’L{J is st a Cover

xeh!



(c) Give an example of an infinite set that is not compact. (Show why it does not satisfy
your definition in (a))

E<N <R

because IN < U Buy(n) is an open cover
nelN

so if NC- U 81,2(")

neA'

thon nece:uri[y meA' e = Al=N irfinte

with mE¢€ BI[,(") = m=h /



Problem 2. [10+10 points]

(a) Let A and B be countable sets. Prove that A U B is countable and that A N B is at most
countable, using the definition of countability.

13y a.:mmp{-iOn we have £: IN=A ) §° IN - B biJ'ec.h'ons
Define a sur'}ecft'on h: N—AvB by h(2n-1) =Ff(n) |
h(2n) = 9(n) .
Thoen we can matke it a bijcd‘ion W .w—=>AvB
by h()=hl) | h'n):=him) with
m:=rman ke N | hik) ¢ ih’(i),..,h'(n)} }
(m aliays exists because A infinite = AvB infinite)

Simwar[y, define £'(n):= £(m,) with
m, = min (ke [£(k) €AnB £, £
Tf for some neN, AnB ), .. Fn)]) =0 , then
AnB is Finite (~ {l,..,nl); otherwise

Ehis defines a bijection (N =AaB | so AnD s
countable.



(b) Consider two subsets S, T C R and their sum
S+T:={s+t|seSteT}CR.

Show (from the definition of a supremum) that sup(S + 7)) =sup S +sup 7.

By dcﬂniﬁbn,
e VseS sssunS § > Vsite S+T st € Sup S+ T
e VEeT tssenT

So sunS+sanT is an upgper bownd.

+ ¥y <sun S yis not an ugper bound ie. Js€S i Y<S
‘ Vﬁ<’“ﬂ—r /5('5‘ not an ufferboww[, ce. JEteT: ﬂ<f

=P Geven &< SapS +tsup T wwnte °‘=b”"ﬁ, 3(<""‘5

ﬁ“‘%T
y=sunS - %(WS+WT-oL)>
{5""5“?"7-" —_—

then JseS, teT o(=3r+/5 < s+t y
2

st € S+

So o is not om upper bound .



Problem 3. [5+5+5 points] Consider X = {0} U {+ |n € N} as metric space with metric
induced from the standard metric of R.

a) What are the limit points of X?

o»?y 0]
/ because &(O)AE for r>0 a[mys contains Sonme

\

b) What are the closed subsets of X?

¥0

Sl—~

M other poim‘s ave c'm?aé:d, Byz" s)nE = f'f;}

—» Linite subsets  (which nevor hove Limit poinés)

— (',nFinH:c subsets 'H'laé contain O

c) What are the compact subsets of X? Why?

Linite subsets and  infinite subsels that comtain O

becam Xe ’R LS C.Omrac{' (bamM&M} and the COMFlttL
subsgts of a compact set are exastly the closed cubsetss.



Problem 4. [20 points: +4 for each correct, —4 for each incorrect; no proofs required.]

a) For any open set A C R, we have int(A4) = A.
TRUE @

( wt(A) docs not wntain isolikesl points of A

b) Let V be the set of all functions f : [0, 1] — R, and define d(f,g) = | f(0) — g(0)]. Then
(V. d) is a metric space.

TRUE

not definide . eg. FI=x  dlf.g)=l0-0l=0
JoI=xt  ut p49g

o) If X is a compagt metric space and /£ C X is not compact, then £ is not closed.
FALSE

(bcc«use Losed subsets of compa t sets ore com,aac'l )

d) The set {(z,y) € R?|z + y € Q} is countable.

TRUE
(Han. is an uncountable subset §(x,—x) |xeR{ =~ R

e) The set {(z,y) € R*|z +y € Q,z — y € Q} is countable.
FALSE

xfye@? ¢ x({) = /]
x~ye@3=> x,y€ @ }Soi'le.ce ts @xA 1%&,}
which is cowtab® as cowntab@ wnion of untabl sets

/
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