4 CHAPTER 1. SINGULAR HOMOLOGY

2 Homology

In the last lecture we introduced the standard n-simplex A™ C R™*!. Singular simplices in a space
X are maps o: A" — X and constitute the set Sin,(X). For example, Sing(X) consists of points
of X. We also described the face inclusions d’ : A"~! — A", and the induced “face maps”

d; : Sin, (X) — Sin,—1(X),0<i<mn,

given by precomposing with face inclusions: djo = o o d’. For homework you established some
quadratic relations satisfied by these maps. A collection of sets K,,,n > 0, together with maps
d; : K,, = K, _1 related to each other in this way, is a semi-simplicial set. So we have assigned to
any space X a semi-simplicial set S, (X).

To the semi-simplicial set {Sin,, (X), d;} we then applied the free abelian group functor, obtaining
a semi-simplicial abelian group. Using the d;s, we constructed a boundary map d which makes S, (X)
a chain complex — that is, d> = 0. We capture this process in a diagram:

H. .
{spaces} {graded abelian groups}
iSin*
{semi-simplicial sets} take homology

-

{semi-simplicial abelian groups}

{chain complexes}

Example 2.1. Suppose we have o: Al — X. Define ¢: Al — Al by sending (¢,1 —1t) to (1 —t,t).
Precomposing o with ¢ gives another singular simplex @ which reverses the orientation of o. It is
not true that ¢ = —o in S1(X).

However, we claim that @ = —o mod Bj(X). This means that there is a 2-chain in X whose
boundary is @ + 0. If dyo = dyo, so that o € Z1(X), then @ and —o are homologous: [7] = —[o] in
H(X).

To construct an appropriate boundary, consider the projection map 7 : A2 — Al that is the
affine extension of the map sending ey and es to ey and ey to eg.
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We'll compute d(o o w). Some of the terms will be constant singular simplices. Let’s write
cy : A" — X for the constant map with value x € X. Then

dlcom) = ord’ — onwd* + ond> =7 — Cclr(O) +o.

)

The constant simplex C}T(O) is an “error term,” and we wish to eliminate it. To achieve this we can

use the constant 2-simplex Cz(o) at 0(0); its boundary is

Co(0) ~ Co(0) T Ca(0) = Ca(0) -

So
E—Fazd(aow—i-cg(o)),

and @ = —o mod B (X) as claimed.
Some more language: two cycles that differ by a boundary dc are said to be homologous, and
the chain c is a homology between them.

Let’s compute the homology of the very simplest spaces, @ and *. For the first, Sin, (@) = &,
so S«(@) = 0. Hence --- — Sy — S; — Sy is the zero chain complex. This means that Z,(@) =
B.(2) = 0. The homology in all dimensions is therefore 0.

For *, we have Siny, (%) = {c}'} for all n > 0. Consequently S, () = Z for n > 0 and 0 for n < 0.
For each i, d;c? = ¢!, so the boundary maps d: S, (%) — S,_1(x) in the chain complex depend
on the parity of n as follows:

i : 1 for n even, and
d(c}) = —1)iert =" ’
(%) ;( ) {0 for n odd.

This means that our chain complex is:
0«zldzdizdzd. .

The boundaries coincide with the cycles except in dimension zero, where By(x) = 0 while Zy () = Z.
Therefore Hy(x) = Z and H;(x) = 0 for i # 0.

We’ve defined homology groups for each space, but haven’t yet considered what happens to
maps between spaces. A continuous map f: X — Y induces a map fi: Sin,(X) — Sin,(Y) by
composition:

feio— foo.

For f, to be a map of semi-simplicial sets, it needs to commute with face maps: We need f, od; =
d; o fx. A diagram is said to be commutative if all composites with the same source and target are
equal, so this equation is equivalent to commutativity of the diagram

S (X) —L > Sin, (V)

f Lk

Sing_1(X) —> Sin,_1(Y).

Well, d;fvo = (fso0)od' = foood, and f.(dioc) = fu(c od’) = foo od as well. The diagram

remains commutative when we pass to the free abelian groups of chains.
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If C, and D, are chain complexes, a chain map f: Cy — D, is a collection of maps f,: C,, — D,
such that the following diagram commutes for every n:

c.—".p,

o, o
fnfl

Cpn-1—>Dp_1

For example, if f: X — Y is a continuous map, then f,: S,(X) — S.(Y) is a chain map as discussed
above.

A chain map induces a map in homology f. : H,(C) — H,(D). The method of proof is a so-
called “diagram chase” and it will be the first of many. We check that we get a map Z,(C) — Z, (D).
Let ¢ € Z,(C), so that dcc = 0. Then dp fn(c) = fan—1dcc = fr—1(0) = 0, because f is a chain
map. This means that f,(c) is also an n-cycle, i.e., f gives a map Z,(C) — Z,(D).

Similarly, we get a map B, (C) — B,(D). Let ¢ € B,(C), so that there exists ¢ € C},11 such
that doc = ¢. Then f,(c) = fadod = dp fn+1(). Thus f,(c) is the boundary of f,41(c/), and f
gives a map B, (C) — By(D).

The two maps Z,(C) — Z,(D) and B,(C) — B,(D) quotient to give a map on homology
Fot Ho(X) = Ho(Y).


yunpeng
Rectangle


MIT OpenCourseWare
https://ocw.mit.edu

18.905 Algebraic Topology |
Fall 2016

For information about citing these materials or our Terms of Use, visit: https://ocw.mit.edu/terms.



https://ocw.mit.edu
https://ocw.mit.edu/terms

	Contents
	Singular homology
	Introduction: singular simplices and chains
	Homology
	Categories, functors, natural transformations
	Categorical language
	Homotopy, star-shaped regions
	Homotopy invariance of homology
	Homology cross product
	Relative homology
	The homology long exact sequence
	Excision and applications
	The Eilenberg Steenrod axioms and the locality principle
	Subdivision
	Proof of the Locality Principle

	Computational methods
	CW-complexes
	CW-complexes II
	Homology of CW-complexes
	Real projective space
	Euler characteristic and homology approximation
	Coefficients
	Tensor product
	Tensor and Tor
	The fundamental theorem of homological algebra
	Hom and Lim
	Universal coefficient theorem
	Künneth and Eilenberg-Zilber

	Cohomology and duality
	Coproducts, cohomology
	Ext and UCT
	Products in cohomology
	Cup product, continued
	Surfaces and nondegenerate symmetric bilinear forms
	Local coefficients and orientations
	Proof of the orientation theorem
	A plethora of products
	Cap product and ``Cech'' cohomology
	Cech cohomology as a cohomology theory
	The fully relative cap product
	Poincaré duality
	Applications

	Bibliography



