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Topic 5

Updated
Lagrangian
Formulation for
Incremental
General Nonlinear
Analysis

• Principle of virtual work in terms of 2nd Piola-Kirchhoff
stresses and Green-Lagrange strains referred to the
configuration at time t

• Incremental stress and strain decompositions in the
updated Lagrangian form of the principle of virtual work

• Linear and nonlinear strain increments

• Consistent linearization of terms in the principle of
virtual work

• The "out-of-balance" virtual work term

• Iterative equations for modified Newton-Raphson
solution

• Flow chart of complete solution

• Comparison to total Lagrangian formulation

Section 6.2.3
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UPDATED LAGRANGIAN
FORMULATION

Because t+A~SiJ- and t+A~EiJ- are energetically
conjugate,

the principle of virtual work

J t+At,.,... s:: e·· t+AtdV - t+At(i7)
III Ut+At IL -;-:It

t+t.tv I

can be written as

We already know the solution at time t
(~Sij-, ~uif' etc.). Therefore we
decompose the unknown stresses and
strains as

known unknown increments



In terms of displacements, using

t+~tC' -.1 (t+~tU .. + t+~tU.. + t+~tu . t+~tu )
tC,i} - 2 \ t I,,,, t ~,I t k,1 t k,}

we find

1 1
tEi} = "2 (tUi,} + tU';"i) + "2 tUk,i tUk,f

linear in Uj nonlinear in Uj

(No initial displacement effect)

We define
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linear strain increment

nonlinear strain increment

Hence
tEi} = tei} + tT\i}

3 tEi} = 3 te i} + 3t'Tli}
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The equation of the principle of virtual
work becomes

r tSt 8tEt tdV +J. t'Tt 8t'Ylt tdV
~v tv

= t+ ~t?R, - r t'Tt 8tet tdV
ltv

Given a variation 8uj, the right-hand-side
is known. The left-hand-side contains
unknown displacement increments.

Important: So far, no approximations
have been made.

Just as in the total Lagrangian formulation,

• The equation of the principle of virtual
work is in general a complicated
nonlinear function in the unknown
displacement increment.

• Therefore we linearize this equation
to obtain the approximate equation



We begin to linearize the terms
containing the unknown displacement
increments.

1) The term J t'Tij. Bt'TJij. tdV
tv

is linear in Ui.

• t'Tij. does not contain Ui.

1 1
• Bt'Tly. = 2 tUk,i BtUk,j. + 2 BtUk,i tUk,j.

is linear in Uj.

2) The term J tSy. BtE y. tdV contains
tv

linear and higher-order terms in Ui.

• tSij. is a nonlinear function (in general)
of tEy..

• BtE iJ- = Bteij. + Bt'TJy. is a linear function
of Uj.

We need to neglect all higher-order
terms in Ui.
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tSi} can be written as a Taylor series in tCi}:

atSi' .
tSij- = ~aco tCrs + higher-order terms

te.-rs '-"'

1 t ~Iinear and
known quadratic in Uj

. atSi} ( ) • C= aC ~ + tTJrs = t i}rS ters ,
t rs t ~ ~ ~

linear quadratic linearized term
in Ui in Ui

Hence we obtain

tSi} StCi} • tCi}rs ters (Stei} + StTJi})
"-"', I

t t

= tCi}rs ters Stei} + tCi}rs ters StTJi}
'---' '---'
does not linear in Uj

contain Uj

linear in Uj

linearized result

quadratic in Uj



The tinal linearized equation is

{ tCij-rs ters Oteij- tdV + { t'Ti} OtTJij- tdVJtv Jtv
I I

OUT ~K LlU

= ,'H."!Jt - I.v'T~ l;,e~t~
when

OUT (t+~tR - ~F)~discretized

using the
finite element
method

An important point is that

is the virtual work due to element
internal stresses at time t. We interpret

as an "out-ot-balance" virtual work term.
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Solution using updated Lagrangian
formulation

Displacement iteration:

Modified Newton iteration:

k = 1,2, ...

which, when discretized, gives

(for k = 1, 2, 3, ...)

comouted
from t+6tulk-1)

k

Note that t+4tU(k) = tu + ~ ~U<j.).
}=1



-' - ICompute as, ~F I
1

t+~IF(O) - IF t+~IU(O) - IU
t+~I_ - 1_, _ -_

k=1
I

I 1
I k=k+1 I IK ~U(k) - t+~IR _ t+~IF(k-1)

t
1_ _ - _ I+~I_

t+~IU(k) = t+~IU(k-1) + ~U(k)

Compute ~~~tE(k)
- - -

1using t+~IU(k)
CHECK FOR CONVERGENCEI

t f Equilibrium
Equilibrium is satisfied

not satisfied

Comparison of T.L. and U.L.
formulations

• In the T.L. formulation, all derivatives
are with respect to the initial coordi
nates whereas in the U.L. formula
tion, all derivatives are with respect
to the· current coordinates.

• In the U.L. formulation we work
with the actual physical stresses
(Cauchy stress).
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The same assumptions are made in
the linearization and indeed the same
finite element stiffness and force vec
tors are calculated (when certain
transformation rules are followed).
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